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1. INTRODUCTION 
Let Y denote the Schwartz space of functions 4: R -+ @ and let Y’ be the 
space of tempered distributions [4, p.191. By the Paley-Wiener theorem 
the Fourier transform of a tempered distribution with support [ -0, a] is 
an entire analytic function satisfying a growth condition [4, p. 213. 
The trigonometric polynomial f(0) = C,“= -N cneinO, c E C, is the Fourier 
transform of a tempered distribution with support C-N, N]. In section 2 
we prove: 
THEOREM 1. The trigonometric polynomial f (6) = C,“= -,, c,,eine, c, E @, 
is nonzero on at least one open interval of the real axis of length d > II/N, 
except for the exceptional case where f(0) = c sin N(8 - a), 0 < a < 2x, c E C:. 
The exceptional case arises as the Fourier transform of the distribution, 
T(u) = e.-iN”G(u - N) - e’NXfi(u + N), where 6 is the Dirac distribution. 
A distribution with support {0} is a finite linear combination of 
derivatives of 6 [S, p. 3871. Under the Fourier transform differentiation 
corresponds to multiplication. Hence if p is a polynomial, then f(x) = 
p(x) sin C$X - a) is the Fourier transform of a distribution with support 
{o}u{-0). Th e is ante between consecutive zeros off is less than or d t 
equal to ~/a. 
We ask if apart from these exceptional cases, every entire function which 
is the Fourier transform of a distribution with support [ -0, a] is nonzero 
on at least one open interval of the real axis of length d > n/c. Theorem 2 
is the statement of this result for the special case that f is the Fourier trans- 
form of a function 4 E L2[ -cr, a]. An immediate corollary of Theorem 2 is 
the well-known result that if f(m/a) = 0, n E Z, then f = 0. 
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This corollary can be generalised. A sampling theorem of Campbell [2], 
implies that iffis the Fourier transformation of a distribution with support 
(-g,o) andf(nn/o)=O, FEZ, thenf=O. 
2. SPECIAL CASES 
We now prove some special cases of the conjecture of Section 1. 
Proof of Theorem 1. Under the transformation z = eiB, f(0) = p(e"), 
where 
p(z)= f c,zn 
n= -N 
=zcy-,+c- /v+ ,z+ .‘. +c,z2‘y. 
Zeros off on the real axis correspond to roots of p on the unit circle 
and distances between zeros on the real axis correspond to angular 
displacements between roots on the unit circle. 
Since p has 2N roots which can lie anywhere in the complex plane, the 
result is clear. The exceptional case arises when the 2N roots are equally 
spaced on the unit circle. 
For the next theorem we require the following inequality. 
Wirtinger’s Inequality. Suppose f is a complex-valued function defined 
on the interval [a, b] with f E C’ [a, h] and f(a) = f(b) = 0. Then 
5 a2 h p I.f(x)12dd&-u If’(x)l’dx, 
with equality if and only if 
f(x)=csin ti , 
( 1 
CEC. 
Proof. The theorem is proved for f real-valued in [3, p. 1851. It follows 
for f complex-valued by considering the real and imaginary parts 
separately. 
THEOREM 2. Suppose f $0 is the Fourier transform of 4 E L2[ -a, a]. 
Then f is nonzero on at least one open interval of the real axis of length 
d > n/a. 
Proof: By the classical Paley-Wiener theorem f E L*(R). We need only 
consider the case in which f has infinitely many zeros on the real axis. 
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Suppose the distance between any consecutive pair of zeros is less than or 
equal to M. The theorem follows if we show that M> n/a. 
Suppose a and b are consecutive zeros. Then by Wirtinger’s inequality 
s a2 b ab ,f(x),2dx<yJ If’(x)l 2 dx. 0 
The inequality is strict because, by the identity theorem, if f were the sine 
function on (a, 6) it would also be the sine function on R. Summing over 
all consecutive pairs of zeros, we have 
j_l, Ifb~12dx<$~m IfWl’dx, -02 
and hence llflj < (M/X) Ilf’ll. On the other hand, by the L2 version of 
Bernstein’s theorem [l, p. 2111, IIf’ <a lifll, and we may conclude that 
A4 > ?-c/u. 
Remarks. (i) A weaker version of Theorem 2 appears in [6] and its 
connection with Levinson’s theorem on the density of zeros is discussed 
there. 
(ii) The example f(x) = (sin OX)/(CX) shows that f may be nonzero 
on precisely one interval of length d > X/C. Also it is straightforward to con- 
struct from f a new function g, which satisfies the hypotheses of Theorem 2, 
and has the 2N zeros, x = If: mr/o, 1 < n GN, relocated at an equal spacing 
d = 2( N + 1) 7r/(2N + 1) (T on the open interval ( - (N + 1) n/a, (N + 1) n/a). 
Hence d can be made arbitrarily close to ~/a as N + cc. 
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